It is shown that the common response spectrum method for synchronous ground motion can be extended to make it applicable for earthquake response analyses of extended structures experiencing differential out-of-plane ground motion. A relative displacement spectrum for design of first-story columns SDC (T, T T , z, z T , t, d) is defined. In addition to the natural period of the out-of-plane response, T, and the corresponding fraction of critical damping, z, this spectrum also depends on the fundamental period of torsional vibrations, T T , and the corresponding fraction of critical damping, z T , on the ''travel time,'' t (of the waves in the soil over a distance of about one-half the length of the structure), and on a dimensionless factor d, describing the relative response of the first floor. The new spectrum, SDC, can be estimated by using the empirical scaling equations for relative displacement spectra, SD, and for peak ground velocity, v max . For recorded strong-motion acceleration, and for symmetric buildings, the new spectrum can be computed from Duhamel's integrals of two uncoupled equations for dynamics equilibrium describing translation and rotation of a two-degree-offreedom system. This representation is accurate when the energy of the strong-motion is carried by waves in the ground the wavelengths of which are one order of magnitude or more longer than the characteristic length of the structure. r
Introduction
Common use of the response spectrum method implicitly assumes that all points of building foundations move synchronously and with the same amplitudes. This, in effect, implies that the wave propagation in the soil is neglected. Unless the structure is long (e.g., a bridge with long spans, a dam, a tunnel) or ''stiff'' relative to the underlying soil, these simplifications are justified and can lead to a selection of approximate design forces, if the effects of soil-foundation interaction in the presence of differential ground motions can be neglected [1] . Simple analyses of two-dimensional models of long buildings suggest that when a=lo10 À4 , where a is wave amplitude and l is the corresponding wavelength, the wave propagation effects on the response of simple structures can be neglected [2] .
Figs. 1a and b illustrate the ''short'' waves propagating along the longitudinal axis of a building or a multiple-span bridge. For simplicity, the incident wave motion has been separated into out-of-plane (OP) motion (Fig. 1a) , consisting of SH and Love waves, and in-plane (IP) motion (Fig. 1b) consisting of P, SV, and Rayleigh waves. The IP motion can further be separated into horizontal (longitudinal), vertical, and rocking components, while OP motion consists of horizontal motion in the transverse direction and torsion along the vertical axis. Trifunac and Todorovska [3] analyzed the effects of the horizontal IP components of differential motion for buildings with models that are analogous to the sketch in Fig. 1b , and they showed how the response spectrum method could be modified to include the first-order effects of differential motion. In the following, we will refer to their paper as Paper I. The purpose of this paper (Paper II) is to show how the response spectrum method can be extended to the case of OP excitation, and when the maximum relative response of a two-degree-of-freedom system can be approximated by an equivalent spectrum for a singledegree-of-freedom system response (Fig. 1a) .
The concept of modifying response spectra to account for spatial variation of strong ground motion has been addressed in previous studies by describing those variations via a suitable coherency function (e.g. [4] ). Other studies which also used coherency function, modeled incoherence of ground motion and propagation effects, but not the frequency dependent wave speeds, and thus no consequences of wave dispersion. These coherency-based formulations appear simple and direct, but are far less general than the formulations based on the physical nature of wave propagation, especially in the analyses of response to strong pulses in the near field of earthquake ground motion. A stochastic approach can lead to correct results only when the physical assumptions it is based on are correct and complete.
In this paper we present a deterministic formulation for the OP response of a two-degree-of-freedom model. We formulate a system of two differential equations, to describe translation and torsion, for the most general ground motion. To show how this solution can be simplified for excitation by long ground waves, we approximate ground torsion in terms of horizontal OP motions, caused by body SH and surface Love waves. Finally, by using a two-dimensional model and finite differences, we compute response to a propagating pulse of ground displacement, and show how to modify the spectra of translational motions, into a spectrum, which approximates the total (translational and torsional) response. We show that this approximation is valid for strong motion pulses associated with waves an order of magnitude longer than the structure. 
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The model
The motion of individual column foundations will depend upon the foundation system; the relative stiffness of the soil, connecting beams, and slabs; and the stiffness of the structure supported by the foundation. In general, this motion will have six degrees of freedom (three translations and three rotations) and will depend upon the nature of incident (body and surface) waves and the direction of this incidence. For propagation along the longitudinal axis of the building, SH and Love waves will excite the OP motion and torsion, while the body P, SV, and surface Rayleigh waves will cause IP horizontal, vertical, and rocking motions. Trifunac and Todorovska [3] have studied horizontal differential motions of column foundations for IP excitation (Fig. 1b) and for long wavelengths of incident waves for which lbL. In this paper, the approach will be generalized by considering the OP excitation and response only (Fig. 1a) . We will analyze the response using a vibrations approach in which lbL, and we will consider only briefly the wave propagation approach, in which l is comparable to and smaller than L. For the general direction of wave incidence, in layered half space, and for linear waves and response, the incident wave motions and the structural response can be decomposed into their IP and OP components, and the total response can be computed by superposition.
As in Paper I, we will neglect the rocking of ground motion in the excitation of individual columns and of the entire foundation system. This rocking excitation may be important for the general azimuth of wave incidence. For OP response, it will vanish only in the special case, considered in this paper, when the wave incidence is along the longitudinal axis of the structure. We will leave analyses of the effects of these rocking excitations for a future study.
OP response of one-story structure when lbL
The model we consider is shown in Fig. 2 . It represents a one-story structure with mass m, supported by n columns (see also Fig. 1a) , with stiffness k i ¼ 1, 2,y, n. We consider only the OP component of ground motion, u i (t), and of the rigid mass, u r (t) and y(t). The absolute displacements of the tops of the columns are u 0 ðtÞ þ u r ðtÞ þ x i y, while the absolute displacements of the bases of the columns are u i .
We write dynamic equations of equilibrium with respect to a point R (on the ground), which we use as a reference. The OP direction gives
while the equilibrium of moments about A gives:
where J A is the moment of inertia of the rigid mass with respect to point A, at distance e from its center of gravity (CG in Fig. 2 ). Following the method of Trifunac and Todorovska [3] , we choose u 0 , relative to the reference point R, so that
It is seen that this definition of u 0 represents ''average'' motion of the ground, averaged over length L (Fig. 2) , with respect to the weighting factors k i . With u 0 defined by Eq. (3), Eqs. (1) and (2) 
and
where we have assumed that two ''dampers'' (with constants c r and c y ) are ''connected'' between the rigid slab and point R on the ground. As in Paper I, when distances x i are small relative to the dominant wavelengths of ground motion (|x 1 |, |x 2 |, |x 3 |,y |x n |5l h , where l h is the apparent wavelength along x-axis), u i can be approximated by three leading terms in its Taylor series expansion: This gives u 0 ðtÞ À u i ðtÞ$ À qu qx
We recall that qu/qx is the horizontal shear strain in the soil [5] . It also corresponds to the average rotation, f (torsion), about the vertical axis between two points separated by distance x i . The term q 2 u=qx 2 represents curvature [6] , but it can also be approximated by absolute acceleration, normalized by the shear-wave velocity in the soil, aðtÞ=b 2 [3] . Defining
where b av is the average shear-wave velocity in the top 30 m of soil and s is an empirical scaling factor that is of order of one [3] , Eq. (4) can be written as
where v(t) and a(t) are the velocity and acceleration of point R (Fig. 2) . The last term on the right-hand side of Eq. (2 0 ) is then
Dividing Eq. (1 0 ) by m and Eq. (2 0 ) by J A , and defining
Eq. (1 0 ) and (2 0 ) become
where z 2c=c cr ,
! 1=2 (12) and
For a symmetric structure e ¼ 0, J A ¼ J (moment of inertia of the rigid mass with respect to CG), x ¼ 0 and P n i¼1 k i x i ¼ 0, and Eq.
( 1 00 ) and Eq. (2 00 ) simplify to
where
In Eq. (14), s is analogous to A, which is discussed in Paper I for IP motion and serves to approximate the ''equivalent'' overall phase velocity c eqiv via c eqiv Eb av /s. The idea here is that the complexity of the analysis can be reduced if some equivalent phase velocity c eqiv. can be used in place of all surface-wave modes and all body waves propagating along the supports of the structure. We assume it is possible to define c eqiv. and then choose s ¼ b av /c eqiv because it is convenient to relate c eqiv. to the average velocity of shear waves in the top 30 m, b av , which can be determined from site investigations. For incident SH waves, c eqiv. will depend upon b av and upon the incident angle g between the incident ray and the vertical (c eqiv. $b av /sin g). For soft surface soil/sediments and incident body waves, g-0, and thus c eqiv. may be in the range say from 1 to 6 km/s. The contribution of surface waves will dominate at larger epicentral distances and for shallow faulting [7] [8] [9] . It can be seen from this that further research is required to develop a robust empirical scaling equation for s.
The shear forces V i (i ¼ 1,2 ,y, n) in the columns of the one-story structure ( Fig. 2 ) are
and since u i ðtÞ ¼ u 0 ðtÞ À
where v(t) and a(t) are the ground velocity and ground acceleration for reference point R, vðtÞ ¼ qu 0 ðtÞ=qt and aðtÞ ¼ q 2 u 0 ðtÞ=qt 2 . To design the columns for maximum shear, the maximum relative displacement of the columns has to be estimated. For this purpose, we define a fiveparameter relative displacement spectrum for columns
where T ¼ 2p=o, T T ¼ 2p=o T and z and z T are given by Eqs. (9) and (10), respectively. The maxima of V i (t), u r (t), y(t), f 0 (t), v(t) and a(t), in general all occur at different times. Assuming that y max x i $v max t i , neglecting the contribution of a(t), and using square root of the sum of squares approximation, it follows that SDCðT; T T ; z; z T ; tÞ % fu
Torsional strong ground motion
The rotation of the ground surface about vertical axis z associated with motions u x and u y in the x-and y-directions
In this paper, we assume the presence of SH and Love waves only, propagating in the x direction (so that u x ¼ 0), and we express the rotation f by [10] f ¼ qu y qx .
For harmonic-wave motion, u y ¼ Ae ioðtÀðx=c x ÞÞ , and f ¼ ÀAðo=c x Þe ioðtÀx=c x Þ and for velocity v y ¼ qu y =qt ¼ Aoe ioðtÀðx=c x ÞÞ this gives f ¼ Àv y =c x . For strong earthquake ground motion, which is a superposition of many harmonic waves with different phase velocities, we assume that the rotation f(t) in Eq. (20) can be approximated by f 0 (t),
where c eqiv is some ''average'' or ''representative'' phase velocity, c min oc eqiv. oc max , and c min and c max are the minimum and maximum phase velocities at a site with parallel layers (Fig. 4) . Throughout this paper, in order to simplify notation we will drop the subscript ''y'' and use u in place of u y and v in place of v y . Þ accelerograms, computed for a hypothetical earthquake, with magnitude M ¼ 6.5, at epicentral distance R ¼ 10 km, and for horizontal u(t) and torsional fðtÞ ¼ 2o z ðtÞ motions evaluated for a layered half space model at the El Centro, California, site (Fig. 4 in [11] ). This comparison is shown in Fig. 5 , where v(t) and fðtÞ ¼ 2o z ðtÞ are computed by a synthesis of surface and body waves. It is seen from this example that Eq. (21) can represent a reasonable approximation, provided a suitable phase velocity c eqiv. can be chosen.
The scales chosen in Fig. 5 , for comparison of Àv(t) with f(t) are equivalent to c eqiv: ¼ 2 Â 3000 m=s. In this figure we show a synthetic torsional accelerogram fðtÞ ¼ 2o z ðtÞ and velocity v(t) computed by Lee and Trifunac [11] , and for v(t) consisting of SH and Love waves only. In these synthetic calculations, because of idealized representation of half space, it is possible to compute separately radial and vertical accelrograms (accompanied by rocking; [15] ) and transverse translational accelerogram (accompanied by torsion, [11] ).
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It can be seen from Fig. 5 that for the long-period components (T43 s) v(t) and f(t) (5) should also be a function of frequency. The empirical studies on how c eqiv. and s should depend upon frequency and other site and earthquake parameters will be the subject of our future investigations. At present, this subject can be approached only though the theoretical and synthetic representation of dispersed strongmotion waves. Empirical estimation of s will become possible in the future when a sufficient number of recorded rotational accelerograms becomes available.
Multi-story buildings
Trifunac and Todorovska [3] have shown that the maximum, relative, IP displacement of the ith first-story column of a building responding to differential (horizontal only) ground motion can be approximated by
where d 1 (t) is the displacement of the first floor, neglecting soil-structure interaction, rotational components of strongmotion, and modal interaction [16] [17] [18] [19] .
Response spectra for first-story columns and OP response
In the following, we assume that there is no coupling of OP and torsional responses of a multi-story-building. Then the above Eq. (22) can be generalized to estimate the maximum relative displacement of the ith first-story column as follows:
where d OP 1 ðtÞ is the OP relative response of the first-story (proportional to u r ) and y OP 1 ðtÞ is the relative rotation, also of the first floor only, of a multi-story structure corresponding to u r and y in the equivalent two-degree-offreedom system (Fig. 2) . v OP max and a OP max are peak ground velocity and peak ground acceleration in OP directions, respectively. As in Eq. (22), Eq. (23) neglects contributions from soil-structure interaction and modal interaction. As noted by Trifunac and Todorovska [3] , all of those contributions can be included, after some generalizations of the probabilistic representation of the response-toearthquake excitation. Such generalizations are outside the scope of this paper, and thus we present here only the basic concepts for the design of first-story columns.
First mode approximation
For multi-story buildings, which respond mainly in the first mode of vibration, it is possible to approximate relative displacement of the first-story columns in terms of parameter d, which represents the normalized amplitude of the first mode shape at the first floor [3] , as in 
where N is the number of stories. Assuming that T 1 $N=10, and adopting the straight mode shape approximation, d can be expressed as [3] d % 1:5=ð10T 1 Þ T 1 X0:15 where T 1 is the period of the fundamental mode of vibration.
In the following we assume that the first torsional mode shape of a symmetric building can also be approximated by a straight line. Then the relative displacement spectrum for the first-story columns for OP response can be approximated by SDC i ðT; T T ; z; z T ; t; dÞ % du r ðtÞ þ dyðtÞx i 
Computation of SDC (T,T T ,z, z T ,T)
Computation of SDC(T, T T , z, z T , t, d) for the OP response requires simultaneous numerical integration of differential Eq. (1 000 ) and Eq. (2 000 ) for given values of o, o T , z, z T , t, and d. Eq. (1 000 ) and Eq. (2 000 ) have the form of classical constant-coefficient, linear, second-order differential equations specifying the response of a single-degree-offreedom system. Therefore, we use the well-established procedures for computation of response spectra, which are described in Trifunac and Lee [20, 21] . These procedures apply directly to Eq. (1 000 ), and the required input is the standard data file specifying absolute ground acceleration on ground surface € u 0 ðtÞ versus time. Since f 0 ðtÞ$ À vðtÞs=b av , before solving Eq. (2 000 ) we ''multiply'' both sides by b av /s and then solve
After Eq. (28) has been solved for given o T and z T , to compute y(t)x i we multiply x(t) by t i ¼ sx i =b av . It is seen that this procedure allows us to compute the contribution of y(t)x i to Eqs. (15 0 ) and (16) as x(t)t. In other words, it is not necessary to specify the detailed geometry of the structure (i.e., x i ). The complete formulation can be carried out in terms of general values of the parameter t.
Results and analysis
The relative response |u r | max increases with the period of the SDOF system, T ¼ 2p=o, and as T-N, ju r ðtÞj max ! ju 0 ðtÞj max . The relative displacement spectrum SDðT; zÞ ¼ max 8t ju r ðtÞj thus increases from zero to |u 0 (t)| max as T changes from zero to infinity. This is shown in Fig. 6 , which illustrates SD(T, z) for the SDOF system (d ¼ 1) and for z ¼ 0:05, for the S16W component of strong-motion acceleration recorded during the Northridge, California, earthquake of January 17, 1994, at Station #53 of the University of Southern California (USC) Los Angeles Strong-motion Network [22] . This figure also shows spectra of maximum relative displacement of columns SDC(T, T T , z, z T , t, d) for d ¼ 1, z ¼ z T ¼ 0:05, and t in the range from 0.001 to 0.1 (for the ith column, at distance x i from the reference point R, t i ¼ sx i =b av ). The solid lines correspond to SDC spectra computed from Eq. (26) , and the dashed lines show approximate values of SDC computed from Eq. (27) .
For the S16W component of strong-motion recorded at USC station #53, peak amplitudes were u 0 max ¼ 12:4 cm v max ¼ 59.8 cm/s, and a max ¼ 381 cm/s 2 (4.88 in., 23.5 and 150 in./s 2 , respectively). Fig. 6 shows that the short period , at epicentral distance 6 km. All spectra correspond to damping ratio z ¼ 0:05 and to d ¼ 1 (one-story building). Different spectra correspond to different values of parameter t ¼ Sx=b av ranging from 0.001 to 0.1. x is the distance of the column from point R in the undeformed configuration, and b av is the average shear wave velocity in the top 30 m of soil. The solid lines correspond to SDC-spectra calculated exactly, and the dashed lines to the approximate estimate via relative spectral displacement SD, also shown in the figure, and the peak ground velocity and acceleration.
amplitudes of SDC tend toward a constant. For these short periods, the peak relative displacement of the columns is dominated by ð1 þ dÞv max t and the peak shear forces in the first-story columns will result from this pseudo-static deformation caused by differential motions. Fig. 6 has the same appearance as Fig. 6 in Trifunac and Todorovska [3] except that the amplitudes of the constant regions of SDC now have larger amplitudes because of the contribution from torsional response. For short periods, where the pseudo static terms dominate in the response, this factor of increase is equal to 1 þ d. For d ¼ 1, this is equal to 2.0. Fig. 7 shows the amplitude factor SDC(T, [3] estimated the amplification factor for the largest shear in the columns to be about 20. Soil structure interaction, combined with the non-linear response of the soil and structure, may change these factors significantly, but these large factors nevertheless help explain why the corner columns of long and stiff structures often experience so much damage.
Figs. 8 and 9 show SDC spectra and the ratio SDC/dSD for a multi-story building, for z ¼ z T ¼ 0:05, and the response associated with the first mode only. These spectra depend upon parameter d, which we approximate by d ¼ 1:5ð10T 1 Þ (see Eq. (25)). From Fig. 9 , it can be seen that the amplification factor SDC/dSD experiences its minimum near the peak of dSD and then grows again for longer T 1 . If we have 10-story structure with T 1 ¼ 1 s, T T ¼ 0:058 s, and z ¼ z T ¼ 0:05, and we assume that b av ¼ 300 m=s and that the building plan dimensions are, say, $30 m (100 feet), we will have tffi(1)(30/2)/300 ¼ 0.05. Fig. 9 then shows that the first-story end columns can experience double the maximum shear force relative to the results when wave propagation and strain in the soil are ignored.
For large t the maximum relative displacements of the first-story columns are dominated by the pseudo static response to ground deformation, for all periods. This occurs when t i 4dSDðT; zÞ=½v max ð1 þ dÞ 1=2 , as illustrated in Figs. 8 and 9 for t ¼ 0:05 and 0.10.
Excitation by short waves
The forgoing analysis is valid for excitation by waves that are very long relative to the length of structure L. This is so because we have approximated the ground motion by a second-order Taylor series of the form
which involves the average motion u 0 (t) (see Eq. (3)), linear strain qu/qx, and curvature q 2 u/qx 2 terms only. This approximation imposes an upper limit on x i , so that x i ol=4, and since x i $L=2 it is necessary that l42LU The two-degree-of-freedom model shown in Fig. 2 can be excited by any ground motion, but then Eq. (1 0 ) and Eq. (2 0 ), must be solved for multiple inputs u i (t), i ¼ 1,2,3 ,y, n. Therefore, Eq. (1 000 ) and Eq. (2 000 ) will be valid only when the ground motion can be described by average displacement u 0 and average rotation f 0 , which, as has been already noted, is possible when lb2L.
An alternative is to consider a model that can be analyzed using wave-propagation methods. Such a model is shown in Fig. 10 . It consists of a two-dimensional slab with two layers, supported by half space, at y ¼ h 1 þ h 2 . For OP waves in the half space, propagating in the xdirection, the plate is forced to follow this motion u(x, t) at Period -s Fig. 7 . Ratio of the new relative displacement spectra for columns and the old relative displacement spectra, SDC /dSD, both shown in Fig. 6 .
The OP response inside the plate v(x, y, t) must satisfy the wave equation
where r is the density of the plate material and m is the rigidity per unit of length, such that b 2 ¼ m=r. The studies of the response of the model in Fig. 10 using wave-propagation techniques are outside the scope of this paper (e.g., see [23] ). Here, we present only an example in order to (1) illustrate the range of the validity of the vibrational approach adopted in this paper and (2) suggest the physical nature of the solution when lb2L is not satisfied. To obtain a solution resembling the vibrational solution for the model shown in Fig. 2 , we assume that the top layer is essentially ''rigid'' (we take
The bottom layer is taken to be ''soft,'' so that
¼ 100 m=s, a value typical of experimentally determined shear-wave velocities in buildings [24, 25] .
We assume that the motion of the half space consists of a single half-sine pulse, with peak displacement amplitude a ¼ 10 cm and duration t d , that is propagating with horizontal phase velocity c:
The half-wave-length of this pulse is L w ¼ t d c.
We solve Eq. (29) by the method of finite differences and compute maximum relative displacement between points A and B (see Fig. 10 ) to simulate the maximum relative displacement of column 1, at x 1 ¼ ÀL=2, in Fig. 2 . Fig. 11 shows the displacement field v(x,y,t) in the ''building'' at t ¼ 0.05, 0.1, 0.15, 0.2, 0.235 and 0.27 s. At t ¼ 0.05 s, only half of the ground-motion pulse has entered into the building. At t ¼ 0.270, only its tail is still seen near x ¼ 40 m. As the pulse propagates in the positive x direction, most deformations take place in the ''soft'' layer. The top ''rigid'' mass experiences mainly translation and rotation. Fig. 12 shows an example of the relationship between the maximum relative displacement (between points A and B in Fig. 10 ) computed by finite differences versus the estimate of the same displacement in terms of v max t, and for the values t ¼ 0:05 and 0.10. It can be seen that for L/L w ¼ 2L/lv0.15, or for l\13L, and t ¼ 0:1, the maximum pseudo-static deformation of the column at x 1 ¼ L=2 is adequately approximated by ffiffi ffi 2 p v max t (see Eq. (17)). As the wavelength in the soil becomes shorter that is, as L/L w increases the relative motion becomes smaller than ffiffi ffi 2 p v max t and asymptotically tends toward ''d max '' (a in Eq. (30) is equal to d max ) the peak amplitude of the ground displacement pulse.
The example in Fig. 12 confirms that Eq. (27) leads to a good approximation of SDC amplitudes and quantifies the general statement that lbL by requiring l to be about one order of magnitude larger than L.
Summary and conclusions
We showed that the linear out-of-plane earthquake response of long structures supported by individual columns, experiencing differential motions at their foundation can be described by a new form of response spectrum. This spectrum is defined (1) for relative displacement of a two-degree-of-freedom system with respect to a point R the displacement of which u 0 (t) is a weighted average of the motion at the base of the columns, and (2) for torsional response relative to the rotation of ground at R about the vertical axis. For computation of the peak relative displacement of columns that are at a distance x i from the reference point R, the six-parameter relative displacement spectra SDCðT; T T ; B; B T ; t; dÞ must be used. Relative to the classical displacement spectra SD(T,z) which is defined in terms of two parameters (natural period and fraction of critical damping), four additional parameters are required for SDC: d, representing the ratio of the peak relative response of the first-story to the response of the equivalent single-degree-of-freedom system; t ¼ sx i =b AV proportional to the time required for a wave to propagate from reference point R to the ith column, with velocity of shear waves in the soil beneath the structure b AV ; T T , the torsional period; and z T , fraction of critical damping of the torsional response. Thus defined relative displacement spectrum for the design of columns is valid for ground motions with waves one order of magnitude longer than the length of the structure, L$2x max .
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As already noted in Paper I, the popularity of the classical linear response spectrum method is due to its simplicity, in which all structures are described only by their natural period T and the fraction of critical damping z. In Paper I, we showed that the response spectrum method can be extended to apply to the IP response of long structures and to the differential excitation of columns. That extension required the addition of two parameters (d and t). In this paper, we showed that with the addition of four additional parameters T T , z T , d and t such a generalization is possible for out-of-plane response as well. In the present formulation, as in Paper I, these additional parameters are not specifically related to the geometry of the structure, the structural system, or the materials used, and therefore our generalization of the response spectrum method maintains the simplicity of the original response spectrum concept. It is hoped that this extension will be useful in design by facilitating estimation of the out-ofplane peak bending and shear forces in the first-story columns of structures.
The amplitudes of the SDC spectrum for out-of-plane response to recorded ground motion can be computed by evaluating relative translation and relative torsion with the Duhamel's integrals [21, 26] and then adding the contribution from strain in the ground, and torsional rotation of the ground in terms of the ground velocity _ u 0 ðtÞ (see Eq. (26)). SDC can also be computed from empirical scaling equations [27] [28] [29] [30] for relative spectral displacement, SD (T, z), and peak ground velocity and acceleration v max and a max [31, 32] , using Eqs. (26) and (27) . For design applications, SDC spectra can be evaluated for a scenario earthquake or though probabilistic seismic hazard analysis [33] [34] [35] [36] .
For brevity, in the analysis of multi-story structures we illustrated the relative motion of the first-story, considering only the first mode of response. Using the results and formulation of Gupta and Trifunac [16] [17] [18] [19] , parameter d can be generalized to include the contribution of all modes of the response.
Based on the results presented in Paper I for in-plane motions, and the formulation presented in this paper for out-of-plane motions, we conclude that the concept of response spectrum can be generalized to include the effects of differential ground motions. Modifications are required only for the short-period structures and are very simple to implement in terms of the peak ground velocity, v max , and ''travel time,'' t, needed for the wave to traverse approximately one-half the length of the structure. These modifications show that the classical response spectrum does not provide conservative estimates for base shear factors of stiff structures, with moderate and large horizontal dimensions, supported by individual columns positioned on soft surface soils. Comparison of maximum relative displacements u 1 and u n at x 1 and x n of the model shown in Fig. 2 , described by straight line, 1.41 tv max , with maximum relative displacement between points A and B, in the corresponding continuous model (see Fig. 10 ), during passage of ground motion pulse with peak displacement amplitude d max ¼ 10, as computed by finite differences. The results for selected ratios of the length of the ''building'' L, and of the pulse, L w , corresponding to t ¼ 0.05 and 0.1 approach asymptotically the slope defined by 1.41 tv max as L=L w ! 0, and the constant d max as L=L w ! 1.
